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Abstract 

The purpose of this paper is to investigate some properties of fuzzy ideals and 
fuzzy bi-ideals in F-semigroups and to introduce the notion of fuzzy quasi ideals in 
F-semigroups. Here we also characterize a regular F-semigroup in terms of fuzzy 
quasi ideals. 
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1 Introduction 

A semigroup is an algebraic structure consisting of a non-empty set S together with 
an associative binary operation[T3]. The formal study of semigroups began in the early 
20th century. Semigroups are important in many areas of mathematics, for exam- 
ple, coding and language theory, automata theory, combinatorics and mathematical 
analysis. Sen and Saha in [23j, defined F-semigroups as a generalization of semi- 
groups. F-semigroups have been analyzed by a lot of mathematicians, for instance by 
Chattopadhyay[Il[2], Dutta and Adhikari[6l [7], Hila[ini E], Chinram[3l i], Saha[Il], 
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Sen et al.l2ll|22l[2l], Seth[25]. 

After the introduction of fuzzy sets by Zadeh[28]. reconsideration of the concept of 
classical mathematics began. On the other hand, because of the importance of group 
theory in mathematics, as well as its many areas of application, the notion of fuzzy 
subgroups was defined by Rosenfeld[T5] and its structure was investigated. Das char- 
acterized fuzzy subgroups by their level subgroups in [5] . 

Hong, Jun and Meng[T2] considered the fuzzification of interior ideals in semigroups. 
Sardar and Majumder[T71 [19] characterized interior ideals(along with B. Davvaz[20j), 
ideals, prime(along with D. Mandal[T8]) and semiprime ideals, ideal extensions (along 
with T.K. DuttajUlH]) of a F-semigroup in terms of fuzzy subsets. This paper is a se- 
quel to our study U [171 [181 IHl ED] of fuzzification of F-semigroups. In this paper we 
have investigated some properties of fuzzy ideals, fuzzy bi-ideals and fuzzy (1, 2)-ideals 
and characterized a F-semigroup which is left (right) simple, left( right) duo, left (right) 
regular, intra-regular, regular in terms of fuzzy ideals and fuzzy bi-ideals. 

The concept of quasi-ideals in semigroups was introduced in 1956 by O. Steinfeld|26j. 
The class of quasi-ideals in semigroups is a generalization of one sided ideals in semi- 
groups. It is well known that the intersection of a left ideal and a right ideal of a 
semigroup is a quasi ideal of S and every quasi ideal of S can be obtained in this 
way. Nobuaki Kuroki[l3] characterized completely regular semigroup and semigroup in 
terms of fuzzy semiprime quasi ideals. He also studied the properties of fuzzy bi-ideals 
in semigroups. We have introduced the concept of fuzzy quasi ideals in F-semigroups 
and studied some of its important properties in this paper. Lastly we have obtained a 
characterization theorem for regular F semigroups in terms of fuzzy quasi ideals. 

2 Preliminaries 

In this section we discuss some elementary definitions that we use in the sequel. 

Let S = {x, y,z, . . .} and F = {a, /3, 7, . . .} be two non-empty sets. Then S is called 
a T-semigroup^^l if there exists a mapping S x T x S ^ S (images to be denoted by 
aab) satisfying 

(1) xjy G S, 

(2) {x(3y)-iz = xl3{y-fz) , Vx, y , 2; G 5, V7 G F. 

Remark 1. The F-semigroup introduced by Sen and Saha[23l may be called one sided 
T-semigroup. Later Dutta and Adhikari[6j introduced both sided F-semigroup where 
the operation F x 5" x F to F was also taken into consideration. They defined operator 
semigroups for such F-semigroups. 

A non-empty subset / of a F-semigroup 5* is said to be a subsemigroup of S if 
ITI C /. A subsemigroup / of a F-semigroup S is called a bi-ideal of S if ITSTI C I. 
A subsemigroup I of a F-semigroup S is called a (1, 2)-ideal of S if /F5F/F/ C /. 

Let 5 be a F-semigroup. A non-empty subset Q of S" is called quasi ideal^ of S if 
STQnQTS C Q. Let Q be a quasi ideal of a F-semigroup S. Then QTQ C STQnQTS C 
Q. Hence Q is a subsemigroup of S. 
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Example 1. Let F = {5, 7}. For any y € N and 7 € F, define x^y = x • 7 • y where • 
is the usual multiphcation on N. Then N is a F-semigroup. 

Example 2. Let S = [0, f] and F = | n is a positive integer}. Then is a F- 
semigroup under the usual multiplication. Next, let K = [0,1]. We have that K is 
a non-empty subset of S and 076 G K for all a, 6 G iiT and 7 G F. Then K is a. sub 
F-semigroup of S. 

Example 3. [4] Let 5 be a semigroup and F = {1}. Let us define a mapping x F x 5 — >■ 
F by alh = a6Va, b & S. Then 5 is a F-semigroup. Let S be a bi-ideal of the semigroup 
5. Thus BSB C B. Since F = {1},5F5FS = BSB C B. Hence S is a bi-ideal of the 
F-semigroup S. 

Example 4. [3] Let 5" be a semigroup and F be any non-empty set. Let us define a 
mapping 5xFx5— )-Fby 076 = ab\/a,b G 5*, V7 G F. Then S is a F-semigroup. 
Let Q be a quasi ideal of the semigroup S. Then SQ fl QS C Q. Again we see that 
STQ n QTS = SQ n QS C Q. Hence Q is a quasi ideal of the F-semigroup S. 

Throughout the paper unless otherwise stated S will denote a one-sided F-semigroup. 

A left (right) ideal\23\ of a F-semigroup 5 is a non-empty subset / of 5" such that 
5F/ C / (ITS ^ /). If / is both a left and a right ideal of a F-semigroup S, then we 
say that / is an ideal of S. 

Let S and T be two F-semigroups. A mapping / : S" — t- T is called a homomorphism 

if 

f(x-/y) = f(x)-ff(y) for all x, y G 5 and 7 G F. 

Though this is defined for both sided F-semigroup in [6] , the same definition can be 
adopted for one-sided F-semigroup of Sen and Saha[23]. 

A fuzzy subset[28\ in 5 is a function fi : S — > [0, 1]. 

Let /X and a be two fuzzy subsets of a F-semigroup 5. Then we define [TT] the 
following: 

(1) (fi n ct)(x) = mm{fi(x),a(x)}\/x G S, 

(2) (/i U (t)(x) = max{/i(x), (7(x)}Vx G S*, 

( sup [mm{fi(y),a(z)}] 

(3) (iJ. o a)(x) = < x=y'rz 

[ 0, Otherwise 

A non-empty fuzzy subset of a F-semigroup S is called a fuzzy left ideal^\ of S 
if fj.(x-/y) > fi(y) Vx, y G 5", V7 G F. 

A non-empty fuzzy subset /i of a F-semigroup S is called a fuzzy right ideal\17\ of 
S if n(xjy) > fi(x)\/x,y G S, V7 G F. 

A non-empty fuzzy subset of a F-semigroup S is called a /u^zy zdeo/[l7] of S if it 
is both a fuzzy left ideal and a fuzzy right ideal of S. 

In a F-semigroup S following are equivalent: (1) /i is a fuzzy left(right) ideal of S", 
(2) XO/^^^(^o;tC^)([17J). 
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3 Fuzzy Subsemigroup and Fuzzy Bi-ideal 



Definition 3.1. A non-empty fuzzy subset of a r-semigroup S is called a fuzzy 
subsemigroup of S if fj,{x^y) > mm{fj,{x) , fi{y)} \/x,y G 5, V7 G V. 

Definition 3.2. A fuzzy subsemigroup /x of a T-semigroup S is called a fuzzy bi-ideal 

of S if fj,{xPs^fy) > mm{fj,{x), fi{y)}yx, s,y G 5, V/3,7 G F. 

Definition 3.3. A fuzzy subsemigroup of a F-scmigroup S is called a fuzzy (1,2)- 
ideal of S if fi{xauj/3{yjz)) > inm{fj,{x) , fi{y) , fj,{z)} \/x,uj,y,z G S", Va,/3,7 G F. 

Theorem 3.4. Let I be a non-empty subset of a T-semigroup S and Xj be the char- 
acteristic function of I. Then I is a F -subsemigroup of S if and only if Xj is a fuzzy 
subsemigroup of S. 

Proof. Let J be a subsemigroup of S. Let x,y e S and 7 G F. Then xjy G / if x, y G /. 
It follows that Xi{xjy) = 1 = Xi{x) = Xi{y) = min{Aj(a;), A/(y)}. Let either x ^ I or 
y ^ I. Then Case-(l) : li x^y ^ /, then Xj^x'jy) = = mm{Xj{x), Xi{y)}. Case-(2) : If 
x'yy G /, then Xi{x'yy) = 1 > = min{A7(x), A/(y)}. Thus A/ is a fuzzy subsemigroup 
of 5. 

Conversely, let A/ be a fuzzy subsemigroup of S. Let x,y E I, then Xi{x) = Xj{y) = 
1. Thus Xj{x'~fy) > min{A/(a;), A/(y)} = 1 V7 G F. Hence x^y G / V7 G F. So / is a 
subsemigroup of 5. □ 

Theorem 3.5. Let I be a non-empty subset of a T-semigroup S and Xj be the charac- 
teristic function of I. Then I is a bi-ideal of S if and only if A/ is a fuzzy bi-ideal of 
S. 

Proof. Let I be a bi-ideal of a F-semigroup S and A/ be the characteristic function of 
J. Then J is a subsemigroup of S. Hence by Theorem 3.4, A/ is a fuzzy subsemigroup of 
S. Let x,y,z E S and ^, 7 G F. Then x^yjz E I i{x,z E I.li follows that Xj{xPy^z) = 
1 = min{A/(x), A/(2;)}. Let either x ^ I or z ^ L Then Case-(l) : If x/Sy^z ^ /, then 
Xi{xj3y^z) > = min{A7(x), A/(z)}. Case-(2) : If xPyyz G /, then Xi{xfiyyz) = 1 > 
= min{A/(x), Xi{z)}. Consequently, A/ is a fuzzy bi-ideal of S. 

Conversely, A/ is a fuzzy bi-ideal of S. So Xj is a fuzzy subsemigroup of S. Hence 
by Theorem 3.4, / is a subsemigroup of S. Let x^z G /, then A/(a;) = Xi{z) = 1. 
Thus Xi{xj3y^z) > min{A7(x), A/(2;)} = 1 Vy G S,'^j3,^ G F. Hence xj3y^z E I Vy E 
S, \/l3, 7 G F. So / is a bi-ideal of S. □ 

Theorem 3.6. Let S be a F-semigroup and fi be a non-empty fuzzy subset of S. Then 
jx is a fuzzy subsemigroup of S if and only if is a subsemigroup of S for allt E Im{fx) 
where fit = {x E S : pl{x) > t}. 

Proof. Let /ihe a fuzzy subsemigroup of S. Let t G Im{ii), then there exist some z E S 
such that iJ,{z) = t and so ^; G fit- Thus /xt 7^ 0. Let x,y E iXf Then ii{x) > t and 
^{y) > t whence min{//(a;), //(y)} > t. Now for 7 G F, ij,{x'~fy) > min{;u(x), ^(y)}. 
Hence a:;7y G /xtV7 G F, i.e., /^tF/xt C Consequently, nt is a subsemigroup of S. 
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Conversely, suppose /x^'s are subsemigroups of S, for all t G Im{ix). Let x,y E S and 

7 G r. Let iJ,{x) = ti and fi{y) = t^- Without any loss of generality suppose ti > t2- 
Then x,y £ fit2- Then by hypothesis x'jy G Ht2- Hence ^{x^y) > t2 = nim{fj,{x) , fj,{y)} . 
Consequently, ^ is a fuzzy subsemigroup of S. Hence the proof. □ 

Theorem 3.7. Let S be a T-semigroup and fi be a non-empty fuzzy subset of S. Then 
H is a fuzzy bi-ideal of S if and only if fit is a bi-ideal of S for all t G Im{ii) where 
/J^t = {x G S : fj,{x) > t}. 

Proof. Let /x be a fuzzy bi-ideal of S. Then is a fuzzy subsemigroup of S. Hence 
by Theorem 3.6, fit is a subsemigroup of S, G Im^jj). Let t G Im{ix). Then there 

exists some a G S such that = t and so a G fit- Thus fit 7^ <P- Let x, z G fit- 

Then /i(x) > t and fi{z) > t whence min{;[/(2;), //(z)} > t. Now for y G S,a,P G 
T, ii{xayl3z) > min{/n(x), //(z)}. Hence (i{xay(3z) > t whence xayfiz G jif Hence 
fitTSFfit C ij,t. Consequently, fit is a bi-ideal of S. 

Conversely, suppose /x^'s arc bi-ideals of S, for all t G Im{fi). Then /x^'s arc subsemi- 
groups of S. Hence by Theorem 3.6, is a fuzzy subsemigroup of S. Let x,y,z G S and 
^,7 G r. Let fi{x) = ti,fi{z) = t2- Without any loss of generality suppose ti > t2- Then 
x,z E ftt2 - Hence by hypothesis xPy^z G fit2 whence fx{xPy^z) >t2 = min{/x(a;), fi{z)}. 
Hence fi is a fuzzy bi-ideal of S. Hence the proof. □ 

Proposition 3.8. Let /x and A be two fuzzy subsemigroups{fuzzy bi-ideals) of a T- 
semigroup S. Then ftCiX is also a fuzzy subsemigroup{resp. fuzzy bi-ideat) of S provided 

/X n A is non-em,pty. 

Proof. Let fi and A be two fuzzy subsemigroups of a F-semigroup S. Let x,y E S and 
7 G r. Then 

{fi n X){x-/y) = min{/x(x7y), A(a;7y)} 

> min[min{;u(x), /x(y)}, min{A(a;), A(y)}] 
= min[min{;u(x), /x(y), A(a;), \{y)}] 
= min[min{;u(x), A(x)}, niin{;u(y), A(y)}] 
= min{(^nA)(x),(/in A)(y)}. 

Hence n A is a fuzzy subsemigroup of S. Similarly we can prove the result for fuzzy 
bi-ideal. □ 

Proposition 3.9. Let f : R S be a homomorphism of T -semigroups. 

(1) If X is a fuzzy subsemigroup[fuzzy bi-ideal) of S, then f~^{X) is also a fuzzy 
subsemigroup{resp. fuzzy bi-ideal) of R{where f^^{X){r'ys) := X{f{rjs)) for all 
r, s G i? and 7 G F), provided f~^{X) is non-empty. 

(2) // / is a surjective homomorphism and fi is a fuzzy subsemigroup{fuzzy bi-ideal) 
of R then, f{ft) is also a fuzzy subsemigroup(resp. fuzzy bi-ideal) of S{where 
(/(/^))(^ 72/ ) ■= sup fL{z) for all X ,y G S and 7 G F). 

f{z)=x'jy' 
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Proof. (1) Let A be a fuzzy subsemigroup of S. Let r,s & R and 7 G F. Then 



irHmns) = xifins)) 

>min{A(/(r)),A(/(s))} 

= min{(/-i(A))(r),(/-i(A))(.)}. 

Hence (/~^(A)) is a fuzzy subsemigroup of R. 

(2) Let /X be a fuzzy subsemigroup of R. Since {f{fi)){x') = sup /x(x) for x' G 5, 

/(a;)=a;' 

SO /(/x) is non-empty. Let x ,y G S and 7 € L. Then 



{f{lJ')){x ly ) = sup ^ii{z) 

f{z)=x''yy' 

> sup fi{x^y) 
f{x) = 

f(.y) = y 

> sup miyi{f^{x) , fj,{y)} 
f{x) = X 

fiv) = y 

= min{ sup //(a;), sup /^(y)} 

/(a;)=a;' f{y)=y' 

= min{(/(/x))(x'),(/(/x))(y')}. 

Consequently, is a fuzzy subsemigroup of 5. Similarly we can prove the result 
for fuzzy bi-ideal. □ 

Proposition 3.10. Suppose 6 is an endomorphism and /i is a fuzzy subsemigroup{fuzzy 
bi-ideal) of a T -semigroup S. Then fi[6] is also a fuzzy subsemigroup{resp. fuzzy bi-ideal) 
of S, where iJ,[9]{x) := ^j,{9{x))\/x G S. 

Proof. Let x,y e S and 7 G F. Then 

l^[e]{xjy) = n{e{x-fy)) 

= fi{e{x)je{y)) 

>imn{tx{eix)),fiie{y))} 
= Iam{^i[e]{x),f,[e]{y)}. 

Thus iJ,[9] is a fuzzy subsemigroup of S. Similarly we can prove the other case also. □ 
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Proposition 3.11. If fj, is a fuzzy subsemigroup{fuzzy bi-ideat) of a F-semigroup S, 
then so is jjP' for every real number a > 0, where /x" is defined by /x"(x) = for 
all X E S. 

Proof. Let x,y G 5, 7 G F. Without any loss of generality, suppose fi{x) > iJ,{y). Then 
H"{x) > jjP^iy) and jiix^y) > mm.{^{x) , pL{y)} = iJ,{y). Then 

fx^ixjy) = {ii{x-iy)r > (/x(y))" = 
= min{/x"(a;),/x°(7/)}. 

Consequently, jjl" is a fuzzy subsemigroup of S. Similarly we can prove the other case 
also. □ 

Theorem 3.12. A non-empty fuzzy subset of a F-semigroup S is a fuzzy subsemi- 
group of S if and only if fJ- o /j, C. /j,. 

Proof. Suppose n o fj, C /j,. Then for x,y € S and 7 G F we obtain ij,{x^y) > (/x o 
IJ,){x^y) > mm{fx{x), iJ,{y)}. So is a fuzzy subsemigroup of S. 

Conversely, suppose fi is a fuzzy subsemigroup of S and a: G S*. Suppose there 
exist y,z € S and 7 G F such that x = yyz then (/x o 7^ 0. By hypothesis, 

niy^z) > min{/x(y), Hence 

l^{yjz)> sup min{/x(y),/x(z)} = (/xo/x)(x). 

x=y'yz 

Again if there does not exist y,z & S and 7 G F such that x = yyz then (/x o /x)(x) = 
< Ijl{x). Consequently, /x o /x C /x. This completes the proof. □ 

Theorem 3.13. In a F-semigroup S for a non-empty fuzzy subset n of S the following 
are equivalent: (1) jj, is a fuzzy bi-ideal of S, (2) fJ,o jj, C. fj, and fx o x o fi C fj,, where x 
is the characteristic function of S. 

Proof. Suppose (1) holds, i.e., fi is a fuzzy bi-ideal of S. Then /x is a fuzzy subsemigroup 
of S. So by Theorem 3.12, 110 ji C. ji. Let a € S. Suppose there exists x,y,p,q(^S and 
/3, 7 G F such that a = x^y and x = pfiq. Since /x is a fuzzy bi-ideal of S, we obtain 
nipPq'jy) > min{/x(p),/x(y)}. Then 

(/X o X o /x) (a) = sup [min{ (/x o x) {x) , /x(y) }] 

a=xjy 

= sup [min{ sup mm{ii{p) , x{q)}} , l^{y)] 

a=x^y x=pl3q 

= sup [min{ sup min{/x(p), 1}}, /x(x/)] 

a=x~fy x=pl3q 

= sup {min{/x(p),/x(y)}} 

a=X'yy 

< I2{pl3qjy) 
= l^{xiy) = 
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So we have o ^ o fi) C fi. Otherwise {fi o x o fj,)(a) = < fJ.{a). Thus {fJ-o x° f^) ^ Z^- 
Conversely, let us assume that (2) holds. Since ;U o ^ C ^, so ^ is a fuzzy sub- 
semigroup of 5. Let x,y,z & S and /3, 7 € F and a = x(5y^z. Since /i o ;y ° ^ /^) we 
have 

^i{x(3yjz) = fi{a) 

> (/ioxo/i)(a) 

= sup [mm{{fiox){xl3y),fi{z)}] 

a=x[5y'yz 

> min{/i o x){p), Kz)}ilet p = xf5y) 
= min[ sup min{/i(x), x(y)}, /"(z)] 

p=xl3y 

> min[min{/i(x), 1}, /u(z)] 
= min{^(x), /i(z)}. 

Hence ^ is a fuzzy bi-ideal of S. This completes the proof. □ 

4 Fuzzy Ideal and Fuzzy Bi-ideal 

Definition 4.1. A T-semigroup S is called left(right) duo if every left(resp. right) 
ideal of S is a two sided ideal of S. 

Definition 4.2. A F-semigroup S is called duo if it is left and right duo. 

Definition 4.3. A F-semigroup S is called fuzzy left(right) duo if every fuzzy left(resp. 
right) ideal of 5 is a fuzzy ideal of S. 

Definition 4.4. A F-semigroup S is called fuzzy duo if it is fuzzy left and fuzzy right 
duo. 

Definition 4.5. [27]A F-semigroup S is called left(right) regular if, for each a E 5*, 
there exist x € 5" and a, f3 gT such that a = a;aa/3a(resp. a = af3aax). 

Definition 4.6. [6j|A F-semigroup S is called regular if, for each a € 5, there exist 
X G S and a, f3 £T such that a = aax/3a. 

Theorem 4.7. In a regular left duo{right duo, duo) T-semigroup S, following are equiv- 
alent: (1) fi is a fuzzy right ideal{resp. fuzzy left ideal, fuzzy ideal) of S, (2) /x is a fuzzy 
bi-ideal of S. 

Proof. Let ^ be a fuzzy right ideal of S and let x,y, z G S,a, /3 € F. Then 

fj,{xay/3z) = fj,{xa{yf3z)) > fi{x) > inm{fi{x) , fi{z)} . 

Hence is a fuzzy bi-ideal of S. Similarly we can prove the other cases. 

Conversely, let fj. he a fuzzy bi-ideal of S and x,y G S,j S F. Then xjy S S. 
Since S is regular and left duo in view of the fact that STx is a left ideal we obtain. 
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x^y G {xVSTx)TS C xTSVx. This implies that there exist elements z G S, q, /3 G F 
such that x^y = xaz(3x. Then 

fi{xjy) = fj,{xaz/3x) > min{^(x), /i(x)} = fJ-{x). 

Hence is a fuzzy right ideal of S. similarly we can prove the other cases also. □ 

Theorem 4.8. In a regular left duo{right duo, duo) T-semigroup S, following are equiv- 
alent: (1) /i is a fuzzy bi-ideal of S, (2) /i is a fuzzy {l,2)-ideal of S. 

Proof. Let /i be a fuzzy bi-ideal of S and x, oo,y,z G S, a, 13,^ G T. Then 

IJ,{xauj/3{yjz)) = fi{{xaujf3y)^z) 

> iiim{fi{xauj (3y) , fi{z)} 

> min{min{/u(2;),^(y)},^(z)} 
= mm{fi{x),fi{y),fi{z)}. 

Hence ^ is a fuzzy (1, 2)-ideal of S. 

Conversely, let 5 be a regular and left duo F-semigroup and ^ be a fuzzy (1,2)- 
ideal of S. Let x,uj,y G S,a,5 G F. Since S is regular and left duo, we have xau G 
(xFS'Fx)FS' C xTSTx, which implies that xauj = x/3sjx for some s G /S and /3,7 G F. 
Then 

n{xauj5y) = fi{{xf3s^x)5y) 
= fi{x/3s'y{x6y)) 
> m.m{fx(x),n{x),fi{y)} 
= min{^(x),^(y)}. 

Hence /U is a fuzzy bi-ideal of 5*. □ 

Theorem 4.9. For a regular T-semigroup S the following conditions are equivalent: 
(1) S is left duo{right duo, duo), (2) S is fuzzy left duo[fuzzy right duo, fuzzy duo). 

Proof. Let us assume that S is left duo. Let /i be any fuzzy left ideal of S and a,b ^ 
5, 7 G F. Then, since the left ideal STa is a two-sided ideal ideal of S, and since S is 
regular, we have 076 G (aF5'Fa)F6 C (5Fa)FS' C STa. This implies that there exist 
elements x G 5, a G F such that 076 = xaa. Then, since ^ is a fuzzy left ideal of S, 
fi{xaa) > fi(a) and so fi{a'yb) > ^{a). Hence /i is a fuzzy two-sided ideal of S. Hence 
we deduce that S is fuzzy left duo. Hence (1) implies (2). Similar for other cases. 

Conversely, let us assume that 5 is a fuzzy left duo. Let A be any left ideal of 
S. Then it follows from Theorem 3.1 [17], that the characteristic function of A is a 
fuzzy left ideal of S. Thus by assumption it is a fuzzy ideal of S. Since A is non-empty, 
it follows from Theorem 3.1|17]. that A is an ideal of S. Therefore we obtain that S is 
left duo, this completes the proof. Similarly we can prove the other cases. □ 
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Theorem 4.10. For a regular T-semigroup S the following conditions are equivalent: 
(1) Every bi-ideal of S is a right ideal{left ideal, two-sided ideal) of S, (2) every fuzzy 
bi-ideal of S is a fuzzy right ideal{ resp. fuzzy left ideal, fuzzy two-sided ideal) of S. 

Proof. Let us assume that every bi-ideal of S" is a right ideal. Let ^ be a fuzzy bi-ideal 
of S and a, 6 € 5", 7 € L. Then aTSTa is a bi-ideal of S. Then by hypothesis aTSTa is 
a right ideal of S. Again since S is regular, 076 G (ar5ra)rS' C aTSTa. This implies 
that there exist elements x € S" and a, /3 G P such that 076 = aaxjia. Then, since ^ is 
a fuzzy bi-ideal of 5, we have nia'jb) = fi{aaxf3a) > min{^(a), /i(a)} = fj,{a). Hence n 
is a fuzzy right ideal of S. 

Conversely, let us assume that every fuzzy bi-ideal is a fuzzy right ideal. Let A be 
any bi-ideal of S. Then it follows from Theorem 3.5, that the characteristic function fiA 
of ^ is a fuzzy bi-ideal of S and consequently by hypothesis it is a fuzzy right ideal of 
S. Then, since A is non-empty, it follows from Theorem S.ljilT], that ^ is a right ideal 
of S. Similarly we can prove all other cases. □ 

Definition 4.11. [i27j A T-semigroup S is called left-zero(right zero) if xjy = x{xjy = 
y) \/x,y £ S,^^ £ T. 

Definition 4.12. [27J An element e in a T-semigroup S is called idempotent if 676 = e 
for some 7 € T. 

Proposition 4.13. For a left-zero{right zero) T-semigroup S every fuzzy left{resp. 
fuzzy right) ideal is a constant function. 

Proof. Let be a left zero T-semigroup and a fuzzy left ideal of S. Let x,y £ S. Then 
x^y = X and yjx = y^j G T. Then fi{x) = nlx'jy) > fJ,{y). Again fi{y) = fi{yjx) > 
So fi{x) = fi{y) \/x,y E S. Hence every fuzzy left ideal is a constant function. 
Similarly we can prove the other case also. □ 

Theorem 4.14. For a regular T-semigroup S the following conditions are equivalent: 
(1) The set of all idempotent elements of S forms a left zero[resp. right zero) subsemi- 
group of S, (2) for every fuzzy left{resp. fuzzy right) ideal fi of S,^(e) = /u(/) for all 
idempotent elements e, f £ S. 

Proof. Let Es denote the set of all idempotent elements of S. Suppose Es is a left zero 
subsemigroup of S. Let e, f £ Es and be a fuzzy left ideal of S. Since, S is left zero, 
then 67/ = e and f'ye = / V7 G T. Now, we have /i(e) = fi{ejf) > fj,{f) = ^{f^e) > 
/i(e). Hence fi{e) = ^{f). 

Conversely, let every fuzzy left ideal fi oi S satisfies the equality in (2). Since S is 
regular, for a £ S, there exists x £ S and a, f3 £ T such that a = aax/3a =^ aax = 
{aax)/3{aax). So aax £ Es. So Es is non-empty. Let e, f £ Es,^ £ T. Then from 
Theorem 3.l[l7], the characteristic function /iL[/] of the left ideal L[f] of S generated 
by /, is a fuzzy left ideal of S. Then by hypothesis pi^f^{e) = Hilflif) = 1 and so 
e £ L[f] = STf. Then for some x £ S,a, /3 £ T we obtain e = xaf = xaf/3f = ej3f. 
Hence Es is left zero. Now 67/ = e(since Es is left zero) = e(5e(for some 5 £ T) = 
{ejf)5{ejf). Consequently, 67/ £ Es- Hence Es is a left zero subsemigroup of S. 
Similarly, we can prove the other case also. □ 
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In view of the above theorem we obtain the following corollary. 

Corollary 4.15. For an idempotent r-semigroup S the following conditions are equiv- 
alent: (1) S is left zero(resp. right zero), (2) for every fuzzy left(resp. fuzzy right) ideal 
fi of S", /i(e) = /i(/)Ve, f e S. 

Definition 4.16. [27|A F-semigroup S is called intra-regular if, for each a G S, there 
exist x,y G S and a, /3, 7 G F such that a = xaa(3a^y. 

Theorem 4.17. For a T-semigroup S the following conditions are equivalent: (1) S 
is intra-regular, (2) for every fuzzy ideal fi of S, fi{a) = fi{al3a) Va S and for some 
/3 G F. 

Proof. Let us assume that (1) holds. Let fihe a fuzzy ideal of S and a be any element of 
S. Then there exist x,y € S and a, /3, 7 G F such that a = xaa/Sajy. Since is a fuzzy 
ideal of 5, we have /i(a) = fi{xaal3a'yy) > fi{xaal3a) > fi[af5a) > min{/x(a), /i(a)} = 
fj.{a). So fj,{a) = fi{a/3a). 

Conversely, let us assume that (2) holds. Then it follows from Theorem 3.1 [17], 
that the characteristic function fij[ai3a] of the ideal J[a(3a] of S generated by a(3a, is 
a fuzzy ideal of S. Since a/3a G J[a/3a], we have /ij[a/3a](fl) = IJ'j[ai3a]{o,Po,) = 1- This 
implies that a G J[a/3a]. This proves that S is intra-regular. □ 

Theorem 4.18. For a T-semigroup S the following conditions are equivalent: (1) S is 
left regular{resp. right regular), (2) for every fuzzy left ideal{resp. fuzzy right ideal) ^jl 
of S, fi{a) = fi{a^a) Va G S" and for some 7 G F. 

Proof. Let us assume that S is left regular. Let fi be any fuzzy left ideal of S and a G 5. 
Then there exist x G S and a, 7 G F such that o = xaa^a and so /i(a) = fj,{xaa'ya) > 
fj,{a'ya) > min{//(a), /u(a)} = /^(a). Consequently ^(a) = fi{a'ya). 

Conversely, let us assume that for every fuzzy left ideal fj, S the equality in 
(2) holds. Let a be any element of S. Then it follows from Theorem 3.1|17j. that 
characteristic function Hiia-ya] of the left ideal L[a^a] of S generated by 070, is a fuzzy 
left ideal of S. Since 070 G Llaja], we have /^L[a7a](o) = lJ'L[a-ya]i^l(^) = 1- This implies 
that a G L[aja] = {aja} U STaTa. This proves that S is left regular. Similarly we can 
prove the result for fuzzy right ideals. □ 

Proposition 4.19. Suppose S is both regular and intra regular T-semigroup. Then (1) 
^1 o 13 ^1 n ^2- (2) (^1 o H2) n (/i2 o fii) D ^1 n ^2 where fJ-i, ^2 are fuzzy bi-ideals of 
S. 

Proof. Let a G S. Then there exist x,y,z G S and 71,7273,74,75 G F such that a = 
071x720 = 071x72071x720 = 071x72 (2/73074 075^)71x720 = (071x722/730)74(0752:71x720). 
Since ^1,^2 are both fuzzy bi-ideals of S, we deduce that ^1(071x722/730) > ^i(o) and 
^2 (075-^71 2^72 a) > ^2(0)- Then 

(w°/"2)(a)= sup [min{^i(p),/i2(g)} : p,^ G S';72 G F] 

a=P72iJ 

> min{//i(o7iX722/73a), /^2(a752;7i2;72a)} 



11 



> min{/ii(a),;U2(a)} = {fj-i nfi2){a). 



Hence o ^2 ^ /"i H ^2- Similarly we can show that fj,2 ° fJ^i 13 /ii Pi /i2- Therefore 
{fii o /i2) n {1J.2 0/^1) 13 fiiH fi2- This completes the proof. □ 

Definition 4.20. A F-semigroup S is said to be left(right) simple if S has no proper 
left(resp. right) ideals. 

Definition 4.21. If a F-semigroup S has no proper ideals, then we say that S is simple. 

Definition 4.22. A F-semigroup S is said to be fuzzy left(fuzzy right) simple if every 
fuzzy left(resp. fuzzy right) ideal of 5" is a constant function. 

Definition 4.23. A F-semigroup S is said to be fuzzy simple if every fuzzy ideal of S 
is a constant function. 

Theorem 4.24. For a T-semigroup S the following conditions are equivalent: (1) S 
is left simple{resp. right simple, simple), (2) S is fuzzy left simple{resp. fuzzy right 
simple, fuzzy simple). 

Proof. Let us assume that S is left simple. Let be any fuzzy left ideal of S and 
a,b G S. Then there exist x,y G S and a, /3 € F such that b = xaa and a = y/3b and so 
we obtain //(a) = fJ-{yf3b) > fi{b) = fj,{xaa) > fJ-{a). Consequently, /i(a) = fj,{b) and so // 
is a constant function. Hence S is fuzzy left simple. 

Conversely, let us assume that S is fuzzy left simple and let A be any left ideal of S. 
Then by Theorem 3.1 [17], is a fuzzy left ideal of S and hence a constant function. 
Since A is non-empty, the constant is 1. So every element of S* is in ^ and so S is left 
simple. Similarly we can prove the other cases. □ 

Theorem 4.25. Let S be a left{right) simple T-semigroup, then every fuzzy bi-ideal of 
S is a fuzzy right ideal{resp. fuzzy left ideal) of S. 

Proof. Let 5 be a left simple F-semigroup. Let /i be any fuzzy bi-ideal of S and 
a,b £ S. Then there exist x € 5, 7 € F such that b = x^a and ^{aab) = fi{aax'ya) > 
mm{fi{a) , fi{a)} = fi{a)\/a G F. Hence is a fuzzy right ideal of S. Similarly we can 
prove the other case also. □ 

5 Fuzzy Quasi Ideal 

Definition 5.1. A non-empty fuzzy subset of a F-semigroup S is called a fuzzy quasi 
ideal of S o x) (x o fJ-) ^ f^, where x is the characteristic function of S. 

Proposition 5.2. Any fuzzy one sided ideal of a T-semigroup S is a fuzzy quasi ideal 
of S and any fuzzy quasi ideal of S is a fuzzy bi-ideal of S. 

Proof. Let /x be any fuzzy left ideal of S. Then x ° ^ Therefore {fJ' o x) ^ ix ° l^) ^ 
X o /i C /i. Therefore /i is fuzzy quasi ideal of S. Again let /x be a fuzzy quasi ideal of 
S. Then (/x o x) (x ° ^) ^ Now ^lo xo ^ x and fio x° l^ ^ X° l^- Therefore 

^ o X o ^ C (/U o ;y) n (x o /i) ^ Ai. Consequently, ^ is fuzzy bi ideal of S. □ 
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Proposition 5.3. Any fuzzy quasi ideal of a T-semigroup S can be expressed as inter- 
section of a fuzzy right ideal and a fuzzy left ideal of S and conversely intersection of a 
fuzzy right ideal and a fuzzy left ideal is fuzzy quasi ideal . 

Proof. Let be a fuzzy quasi ideal of a F-semigroup S. Then (x o ^) U ^ is a fuzzy left 
ideal and /iU (/io;)^;) is a fuzzy right ideal of S. Clearly ^ C fj,U{fiox) and fi C (;\;o^)U/x. 
Therefore 

= n (x o /i)) u (/u n ^) u {{fi ox)n{xo /i)) u ((/i o x) n ^) 

C^U^U^U/i = /U. 

Therefore fi = (/i U (/i o H ((x o ^) U ^) . Let fi and a be a fuzzy right ideal and a fuzzy 
left ideal of the F-semigroup S respectively. Let x be the characteristic function of S. 
Since fi and a are fuzzy right ideal and fuzzy left ideal of 5, /iox C ^ and x°(^ ^{cf- 
Theorem 4.2[17J). 

Now, {{fi n fj) o x) n (x o (/i n a)) C o x) n (x o c) C fiOa. Thus fiCia is a fuzzy 
quasi ideal of S. This completes the proof. □ 

In view of Proposition 5.3 and Theorem 4.7|17) we have the following corollary. 

Corollary 5.4. Let /i and cr be a fuzzy right ideal and a fuzzy left ideal of a regular 
F-semigroup S, respectively. Then o cr is a fuzzy quasi ideal of S. 

In view of Proposition 5.2 and Corollary 5.4 we obtain the following proposition. 

Proposition 5.5. Let ^ he a fuzzy right ideal and a he a fuzzy left ideal of a regular 
T-semigroup S. Then a is a fuzzy hi-ideal of S. 

Theorem 5.6. Let Q he a non-empty suhset of a T-semigroup S. Then Q is quasi ideal 
of S if and only if fiq^the characteristic function of Q) is a fuzzy quasi ideal of S. 

Proof. Suppose Q is a quasi ideal of 5 and x be the characteristic function of S. Let a 
be any element of 5. If a G Q, then {{fig o x) H (x o < 1 = fJ-Qio-)- 

li a ^ Q, then since Q is a quasi ideal of S, i.e., QTS H STQ Q, a ^ QTS H STQ C 
Q. Then three cases may arise: 

Case-(l) a i QF5, a G STQ, 
Case-(2) a G QF5, o ^ STQ, 
Case-(3) a ^ QTS,ai STQ. 

Case-(l) : Let a ^ QTS, a G STQ. If a = x^y, then x ^ Q. Then 

((^Q o X) n (x o A^Q))(a) = min[ sup {min{/iQ(x), x(y)}}, sup {min{x(u), ^q(v)}}] 

a=x'yy a=u9v 

= = /xq(o). 
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Therefore (a* o x) l~l (x ° A*) ^ A*- 

Case- (2) : It is similar as Case- (3). 

Case-(3) : a ^ QTS, a ^ SFQ. If a = x^y, then x ^ Q and if a = u5v, then v ^ Q. 
Now 

((mq ox) n (xo/XQ))(a) = min[ sup {mm{nQ{x),xiy)}}, sup {min{x(tx), 

a=x'yy a=uSv 

= = MQ(a). 

So (/X o n (x o At) C Hence hq is a fuzzy quasi ideal of S. 

Conversely, let us suppose that fiq is a fuzzy quasi ideal of S. Let a G QTS fl STQ. 
Then there exist elements s,t e S,b,c e Q and a, /3 G F such that a = has = t/3c. Then 

(A^Q0X)(a)= sup [mm{nQ{x),x{y)}] 

a=xf3y 

> min{AiQ(6),x('S)} 
= min{l, 1} = 1. 

Similarly, we have (x o AtQ)(a) = 1. Since (axq o x) n (x o axq) C /xq. So 

A^Q(a) > ((a^Q o x) n (x o A^Q))(a) 

= min{(AXQ o x)(a), (x o A^Q)(a)} 
= min{l,l} = 1. 

Thus a e Q and so QVS fl SFQ C Q. Therefore, Q is a quasi ideal of S. □ 

Theorem 5.7. iyei n he a non-empty fuzzy suhset of a T -semigroup S. Then fi is a 
fuzzy quasi ideal of S if and only if fit = {x E S : pl{x) >i} is a quasi ideal of S, where 
t G Im{iJL). 

Proof. Let a* be a fuzzy quasi ideal of S. Let t G Jm (a*), then A^t is nonempty. Let 
a G SVjjit n jJ-t^S. Then there exist elements r e S,h E iJ,t and a G F such that a = har. 
Then 

(a^ ° X)(a) = sup [min{Ax(a;), xiv)}] > min{Ax(6), x(r-)} > min{t, 1} = t. 

a=x(5y 

Similarly, we have (x ° A*)!'*) ^ t- Then 

((X o Ax) n (ax o x))(a) = min{(x o /x)(a), o x)(a)} > t.. 

By hypothesis (x ° m) l~l (a* ° x) ^ A^- Hence At(a) > ((x^A*) f"! (A'°x))(<^) ^ Thus a G A*t- 
Hence >S'FA(t fl AttFiS C /x^. Consequently a** is a quasi ideal of S". 

Conversely, let is a quasi ideal of S" Vt G Im{n). Then is nonempty and so ^ 
is nonempty. If possible, let ({/j, o x) H (x o a*)) 2 Then there exists p & S such that 
A*(p) < ((a* ° x) l~l (x ° A*) )(?•)• Let f2 be a real number such that 

Ii{p)<t2 < ((A^ox)n(xo//))(p) (1). 
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If there not exist x,y £ S,j £ T such that p = x^y then ((/U o x) 1^ (x ° = 

which means < 0, which is not possible. So, there exist a;, y G 5, 7 G T such that 
p = x'yy. Now suppose for any x,v € S, with p = x^y,p = u6v for some y,u £ S ior 
some 7, (5 € r, X ^ fit2 and v ^ fit2- Then /i(x) < t2 and ^(v) < t2 for ah x,v G S 
with p = X7y and p = u6v, x,u £ S,^,5 £ T. This implies that sup fi{x) < t2 and 

p=xjy 

sup /i(t') < t2- Therefore min{ sup n{x), sup < ^2, ^-c, ((/uo;)(;)n(xo/u))(p) < 

p=uSv P=xjy p=u5v 

this contradicts (1). So there exist x,v £ S with p = xjy,p = u5v for some 7,(5 G F, 
for some y,u £ S such that x £ fit2 and v £ fit2- Hence x'yy £ Ht2^S and £ STiJ,t2 
whence J? £ fj,t2^SriSTfj.t2- But by {l),p ^tj- This contradicts that fit is a quasi ideal 
of 5, for all t £ Im{fi). Hence {{fi ° x) ^ {x° /^)) ^ ^- Consequently, ;U is a fuzzy quasi 
ideal of S. □ 

Proposition 5.8. Let f : R ^ S be a homomorphism of T -semigroups. If X is a fuzzy 
left{resp. right) ideal of S, then f~^{x) ° f~^W ^ f~^W iresp.f~^{X) o f^^{x) ^ 
/~^(A)), X is the characteristic function of S {where f~^{X){r'ys) := X{f{rjs)) for all 
r,s £ R and 7 € F), provided /~^(A) is non-empty. 

Proof. /^^(A) is a fuzzy left ideal of R{cf. Theorem 3.6|17j). Let x £ R. Then if there 
exists a,b £ R and a E F such that x = aab we obtain 

{f~\x)of-\X)){x)= sup [m:,n{f-\x){u),f-\X){v)}] 

x=U'yv 

= sup [min{x(/(n)), A(/(u))}] 

x=U'yv 

= sup [min{l,ri(A)(t;)}] 

x=u^v 

< f~^{X){u'jv){foT all u,v £ R, for all 7 S F with x = wjv) 

= r'(A)(x). 

Hence f~^{x) ° f~^W ^ f^^W- Similarly we can prove the other case also. □ 

In view of the above proposition we obtain the following proposition. 

Proposition 5.9. Let f : R ^ S he a homomorphism of V -semigroups. If X is a fuzzy 
quasi ideal of S, then /^^(A) is a fuzzy quasi ideal R, provided f^^{X) is non-empty. 

Proof. Let A be a fuzzy quasi ideal of S and X = Ci v, where /U is a fuzzy right ideal 
and 1/ is a fuzzy left ideal of S{cf. Proposition 5.3). Let a £ S. Then 

f-\X)ia) = X{fia)) 

= (^nz.)(/(a)) 

= mm{n{f{a)),iy{f{a)} 

= mm{f'\fi)ia)J-\iy)ia)} 

= (rHp)nf-\i.)){a). 
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Consequently, /"^(A) = /^Hm) H /^H^^)- By Proposition 3.6[I7], /"H/^) 

is a fuzzy 

right ideal and f~^{i') is a fuzzy left ideal of R. Hence /~^(A) is a fuzzy quasi ideal of 
R. □ 

Proposition 5.10. Let f : S ^ R be a surjective homomorphism of T -semigroups. If X 
is a fuzzy left{resp. right) ideal of S, then f{x)°fW Q fW{resp. f{X)of{x) Q /(A)), 
X is the characteristic function of S {where (/(A))(r) := sup A(s) for s £ S). 

f{s)=r 

Proof. Suppose A is a fuzzy left ideal of S. Then /(A) is a fuzzy left ideal of -R[l7]. For 
r £ R, (/(A))(r) = sup A(s), so /(A) is non-empty. Then for p £ R, 

f{s)=r 

{fix)of{X)){p)= sup [mm{f{x){u),f{X){v)}] 

p=U'yv 

= sup [min{ sup x{u'), f{X){v)}] 
p=uro f{u')=u 

= sup [min{l,/(A)(t;)}] 

p=U'yv 

< sup [min{l, /(A)(u7f )}] 

p=U'yv 

= sup [min{l,/(A)(p)}] 

p=U'yv 

= fWip)- 

Hence f{x) ° /(A) ^ /(A). Similarly we can prove the other case also. □ 

Proposition 5.11. Let f : R ^ S be a surjective homomorphism of T -semigroups. If 
X is a fuzzy quasi ideal of R, then /(A) is a fuzzy quasi ideal S. 

Proof. Let A be a fuzzy quasi ideal of R. Then by Proposition 5.3, X = firiv, for some 
fuzzy right ideal fi and fuzzy left ideal v of R. Hence by Proposition 3.6[T7], f{fJ.) is a 
fuzzy right ideal and /(z^) is a fuzzy left ideal of S. Let s G S". Then 

/(A)(s) = sup A(r)(for some r G R) 

f{r)=s 

= sup {fi n z^)(r) 

f{r)=s 

= sup min{/i(r), z^(r)} 

f{r)=s 

= min{ sup fJ.{r), sup J^(r)} 

/(r)=s f{r)=s 

= mm{f{fi){s)J{u){s)} 
= (/(/.) n/(z.))(.). 

Consequently, /(A) = /(/u) n f{i^). So, /(A) is the intersection of a fuzzy right ideal 
/(/i) and a fuzzy left ideal /(i^) of S. Hence by Proposition 5.3, /(A) is a fuzzy quasi 
ideal S. □ 
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Lemma 5.12. Let S be a T-semigroup and A,B C S. Then (1) A B if and only 
if fJ'A ^ fJ-B- (2) ^lA^] fj,B = ^J■AnB■ (3) o fJ-B = HAVB, where ijla,IJ'B denote the 
characteristic functions of A and B respectively. 

Proof. (1) The proof follows by routine verification. 

(2) Let a S. Suppose that a G A D B. Then a E A and a £ B, which implies 
Ma(ci) = IJ-sicL) = 1. Then 

{fiA^i fj.B){a) = mm{fj.A{a), HB{a)} 
= 1 = fJ-AnBia)- 

Again if, a ^ A f] B. Then a ^ A or a ^ B, which implies = or ^b{o) = 0. 

Then 

(iUAn^B)(a) = min{^A(a),/iB(o)} 
= = fiAnB{a). 

Consequently ^a'^ l^B = l^Ar\B ■ 

(3) Let a G S. Suppose that a € ATB. Then a = xjy for some x € A,y € B and 
7 € r. Then 

{fiA° lJ'B){a) = sup mm{fiA{u),fiB{v)} 

a=u5v 

> m.m{fiAix),fiB{y)} 
= min{l, 1} = 1. 

So {iiA ° IJ'b){o) = 1. Since a € AVB, ijlatb{o) = 1- In the case, when a ^ AVB then we 
have, {jiA o iJ,B){a) = = /J^AFBia). Thus we obtain ha° l''B = IJ^AVB- 

□ 

The following theorem is the characterization of regular F-semigroup in terms of 
fuzzy quasi ideals. 

Theorem 5.13. In a T-semigroup S the following are equivalent: (1) S is regular, (2) 
for every fuzzy right ideal fj, and every fuzzy left ideal X of S we have /i o A = /i n A, (3) 
for every fuzzy right ideal n and every fuzzy left ideal A of S we have (a) ^ = jj,, (b) 
A o A = A, (c) fj, o X is the fuzzy quasi ideal of S, (4) every fuzzy quasi ideal 6 has the 
form 6 = S o xs ° S, where xs is the characteristic function of S. 

Proof (1) ^ (2) : by Theorem 4.7(|ir]). 

(2) =^ (3) : (a) and (6) can be verified by routine calculation. 
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(c) Prom Proposition 5.3, it is clear that the intersection of any fuzzy right ideal 
and fuzzy left ideal of S is a fuzzy quasi-ideal of S. Hence by (2) the result follows. 

(3) (4) : Let (3) holds. Let 5 be a fuzzy quasi ideal of S. Then 6 o xs and xs ° ^ 
are fuzzy right and left ideals of S respectively. Then by conditions (6) , (c) we obtain 

°Xs)°{xs°S) = 6o{xsoxs)°S = 6oxsoS 

is a fuzzy quasi ideal of S. Also we have 

60XS06 c{6oxs)n{xsoS) c S (A). 

Now 

SCSUiSoxs) 
= {dU{So xs)) o{SU{do X5))(by condition (3) (a)) 

= {{S U{So xs)) o5)U {{5 U{5o xs)) o{5o xs)) 

= {{S oS)U{6oxso 5)) U ((5 o 5 o xs) U {{6 o xs) o{5o xs))) 

C {{5 o xs) U {S o xs)) U {{5 o xs) U {5 o xs)) 

= 60 X5(since 5o5C.5,5o5C.5oxs and 6 o xs '^s a fuzzy right ideal of S). 
Similarly we obtain S C xs ° S. Then S C [S o xs) H {xs ° S). Thus 

S = {Soxs)f^ {xs o S) 
= {{^ ° xs) o ((5 o xs)) n ((xs °S)o {xs ° S)){hy condition (a), (6)) 

= ((<5 oxsoS)o xs) n {xs o{Soxso s)) 

C 6 oxs ° <5(since 6 o xs ° S is fuzzy quasi ideal of S) {B). 

By {A) and {B) we obtain 6 = S o xs ° 

(4) ^ (1) : Let (4) holds. Let x E S. Let us consider the quasi ideal Q[x] = 
{x} U {xFS n SFx) generated by x. Then the characteristic function XQ[x] of Qi^] is a 
fuzzy quasi ideal of S. Then 

XqH = XQlx] °Xso Xq[x] = XQ[x]rsrQ[x]{cf. Lemma 5.12). 

Since Xq[x]{x) = 1- Then XQ[x]rsrQ[x]{x) = 1- Consequently, x € (3[x]r5TQ[a;]. Then 
there exist some y E S,a, P eT such that x = xay^x. Hence S is regular. □ 

Theorem 5.14. A F -semigroup S is regular and intra-regular if and only if every quasi 
ideal of S is idempotent. 

Proof. Let S* be a P-semigroup which is regular and intra regular. Let Q be a quasi ideal 
of S. Then QTS n STQ C Q. Therefore QTQ C QTS fl STQ C Q. Let a e Q. Then 
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there exists x,u,v G S and a,P,^,S,a G F such that a = aaxfia and a = wyaSaav. 
Therefore 

a = aaxPa = aax^aaxfia = aaxP{u'yaSaav)axPa 
= {aaxPu'ya)5{aavax/3a) G QTQ. 

Since aax/Swya G QTS fl SFQ G acrvax/3a G QF^ fl STQ C we deduce that 
a G QTQ. Therefore Q C QFQ and so Q = QTQ. 

Conversely, let every quasi ideal of a F-semigroup S be idempotent. Let a G S". Now 
let us consider the quasi ideal Q[a] = {a} U (aTS D ST a) generated by a of S. Then 
Q[a] = Q[a]TQ{a]. So a G Q[a]TQ[a] = (aTa) U {aT{aTS n STa)) U {{aTS n 5Fa)Fa) U 
{{oTS n S'Fa)F(aFS' fl STa)). Consequently a = aax^a and a = yjaSaaz for some 
x,y,z E S and a, j3, ^,5.,a G F. Therefore S is regular and intra regular. □ 

Theorem 5.15. Let S he a T -semigroup. Then following are equivalent: (1) Every 
quasi ideal of S is idempotent. (2) Every fuzzy quasi ideal of S is idempotent. 

Proof. Let (1) holds. Let /x be a fuzzy quasi ideal of S. Then jiofji, C {lJ,ox)^{x°lA ^ A*- 
Now by Theorem 5.14, S is a regular and intra-regular F-semigroup. Then for a G S, 
a = aax^a and a = yyaSaaz for some x,y, z G S and a, 13, ^,5, a G F. Therefore 
a = aaxfia = aaxl3aax/3a = aaxl3{y^a6aaz)axl3a = {aaxf3y'-)a)5{aazaxf3a). Now 
every fuzzy quasi ideal is fuzzy bi-ideal. Therefore 

{ji o lj){a) = {fJ-o ^){{aaxj3y^a)5{a(T zaxj3a)) 

> mm{ij,{aaxf3y'ja), fi{aazaxf3a)} 

> min{min{/Lt(a), /n(a)}, min{//(o), ^(a)}} 
= //(a) for all a G 5. 

Therefore //o// D Consequently ji = iiojj,. Hence (2) follows. Let (2) holds. Let Q be 
a quasi ideal of a F-semigroup S. Then by Theorem 5.6, Cq is a fuzzy quasi ideal of S. 
So by (2), CqoCq = Cq^ Cqtq = Cq. Therefore Q = QTQ. Hence (1) follows. □ 

Theorem 5.16. Let S be a T-semigroup. Then fallowings are equivalent: (1) S is 
regular and intra regular. (2) Every fuzzy quasi ideal is idempotent. (3) Every fuzzy hi 
ideal is idempotent. 

Proof. (1) =^ (3) : Let S be regular and intra-regular. Let /x be a fuzzy bi-ideal of S. 
Let a € S. Then a = aaxfia and a = yjaSaaz for some x,y,z & S and a, P, j,6,a G F. 
Then 

{/J, o fi){a) = (/i o fi) {aaxfia.) = {p- o ^){aaxfi aaxfia) 
= {p o ji){aaxfi{y^ia5aaz)axfia) 

> mm{iJ,{aaxfiy'ja), fi{aazaxfia)} 

> mm{mm{fi{a) , fi{a)} , min{//(a), //(a)}} 

> /Li(a) for all a € S. 
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Therefore o /x D /x. Again 

{lioii){a) = sup min{/x(x), //(?/)} 
a=x'yy 

< sup fx{x^y) = fx{a) for all a E S. 

a=x^y 

Therefore pL o ^ C. pL. Consequently ji = fu. o n. Hence (3) follows. Since every fuzzy 
quasi ideal is fuzzy bi-ideal, so (3) =^ (2). Also by Theorem 5.14 and 5.15 we have 
(2) ^ (1). □ 

Theorem 5.17. Let S be a V -semigroup and ji he a non-empty fuzzy subset of S. Then 
fM is a fuzzy quasi ideal of S if and only if x = has, x = tpc => fj,{x) > min{/x(6), /x(c)}, 
where h, s,t,c E S,a, P E T. 

Proof. Let /x be a fuzzy quasi ideal of S and x £ S. Then (x o /^) H (/x o C /x which 
implies ;u(a:) > ((xo/u) R (/xo;^))(aj) = min{(xo/x)(a;), (/xo;^)(a;)}. Since x = 6q!S where 
6, s G 5, a G r, we have 

{l^°x){x)= sup [mm{n{u),x{v)}] > min{/x(6), x(s)} 

x=uSv 

= min{/x(6), 1} = ii{b). 

Similarly, for x = tj3c where t, c G S,f3 € F, we have (x o fj,){x) > iJ,{c). Hence 
fi{x) >min{/x(5),/x(c)}. 

Conversely, let us suppose that x = has, x = tfic ^ ix{x) > min{/x(6), m(c)}, where 
6, s,t,c € S,a, f3 G r. If there do not exist y, z £ S and 7 G F such that x = yyz, then 
iix o /x) n (/X o x)){x) = < (^{x). Then (x ° A*) ° x) ^ M the proof follows. Let 
there exist y,m,n, z E S and 9,r) eT such that x = yOm and x = nrjz, Then 

{lJ'°X){x)= sup [min{/x(y),xM}] 

x=y8m 

= sup [min{/x(y),l}] 

x=y6m 

= sup /x(?/). 

x=y6m 

Similarly (x o /x)(x) = sup n{z). Then 

((X o /x) n (/X o x))(x) = min{(x o /x)(a;), (/x o x)(a;)} 
= min{ sup fj,{y), sup ^(z)} 

x=yem x=nriz 

= sup sup mm{fi{y) , fj.{z)} 
x=yOmx=nr)z 

< sup sup fi{x) = ijl{x). 

x=y0mx=nr]z 

Consequently, (x ° m) (m ° x) ^ Hence /x is a fuzzy quasi ideal of S. □ 
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Theorem 5.18. Let S be a T-semigroup and ji he a non-empty fuzzy subset of S. 
Then fi is a fuzzy quasi ideal of S if and only if x = has, x = tj3c ii{x) > 
max{min{ju(6), ju(c)}, min{/i(i), /x(s)}} where b, s,t,c E S,a, P E T. 

Proof. Let be a fuzzy quasi ideal of S. Let b,s,t,c G 5, a,/? G F be such that x = 
bas, X = t/Sc. Then by Theorem 5.17, fi{x) > min{/i(6), /x(c)}. Again if a; = t^c, x = bas, 
then by Theorem 5.17, /i(x) > min{;u(t), ;u(s)}. Hence 

//(x) > max{min{/i(6), /^(c)}, min{/i(t), /i(s)}}. 

Conversely, using similar argument as in Theorem 5.17 the proof follows. □ 
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